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WITTEN-HELFFER-SJOSTRAND THEORY
FOR S'-EQUIVARIANT COHOMOLOGY

HON-KIT WAI

ABSTRACT. Given an S!-invariant Morse function f and an S!-invariant Rie-
mannian metric g, a family of finite dimensional subcomplexes (ﬁfmj’ sm (M, 1),
D(t)), t € [0,00), of the Witten deformation of the S!-equivariant de Rham
complex is constructed, by studying the asymptotic behavior of the spectrum of
the corresponding Laplacian A () = Dy (t) Dy (t)+Dg_1(t)Dj_, (t) as t — oo.
In fact the spectrum of ﬁk(t) can be separated into the small eigenvalues, finite
eigenvalues and the large eigenvalues. Then one obtains (€7 (M, t), D(t))

muv,sm
as the complex of eigenforms corresponding to the small eigenvalues of A(t)
This permits us to verify the Sl-equivariant Morse inequalities. Moreover
suppose f is self-indexing and (f, g) satisfies the Morse-Smale condition, then
it is shown that this family of subcomplexes converges as t — co to a geo-
metric complex which is induced by (f,g) and calculates the S!-equivariant
cohomology of M.

1. INTRODUCTION

In this paper, we shall use Witten’s method of proving Morse inequality to ver-
ify the Sl-equivariant Morse inequality ([B]) for an S'-equivariant Morse function
on M. This is accomplished by constructing a family of finite dimensional sub-
complexes (7, . (M,t),D(t)), t € [0,00), of the Witten deformation of the S*-
equivariant de Rham complex. To obtain this family of subcomplexes, we consider
the asymptotic behavior of the spectrum of the corresponding Laplacians AF(t)
as t — oo. The spectrum of ﬁk(t) can be separated into the small eigenvalues,
finite eigenvalues and large eigenvalues. While the small eigenvalues tend to zero as
t — oo, the finite eigenvalues and the large eigenvalues tend to a positive constant
and infinity respectively. Then one obtains (2} (M,t), D(t)) as the complex of

inv,sm
eigenforms corresponding to the small eigenvalues of A(t). Suppose furthermore
that f is self-indexing and (f, g) satisfies the Morse-Smale condition, then this fam-
ily of subcomplexes is shown to converge as t — oo to a geometric complex which
is induced by (f, g) and calculates the S'-equivariant cohomology of M.

The paper is organized as follows: in §1.1 we review the Witten-Helffer-Sjostrand
theory for a Morse function. In §1.2, we discuss S'-equivariant cohomology, S'-
equivariant Hodge theory, equivariant Morse theory, Witten deformation as well as
the definition of ‘localized’ operators which we need in the formulation of results.
In §1.3, we formulate the results. In §§2, 3 and 4 we prove these results.

Received by the editors October 24, 1995.
1991 Mathematics Subject Classification. Primary 58C40; Secondary 58F09.
Key words and phrases. Schrodinger operators, equivariant Morse theory.

©1999 American Mathematical Society
2141



2142 HON-KIT WAI

1.1. Review of the Witten-Helffer-Sjostrand theory for a Morse function.
(a) Classical Morse theory and Witten’s proof of Morse inequality.
Let M™ be a compact orientable Riemannian manifold, f be a Morse function
on M, m; be the number of critical points of index 1.
Define

P(M,t) = itidimHi(M) = itiﬁi,
i=0 i=0

MM, f,t) =) t'm,.
=0

Then we have

Theorem (Morse Inequality).
Formulation I:

M(M, f,t) —P(M,t) = (14+1)Q(¢)

where Q(t) = Y ooy qit" with ¢; > 0.
Formulation 11:

k k . .
i ; >0 ifk is even,
-1 ? i — -1 7 : =
;( S ;( ) {SO if k is odd.

Remark. The above two formulations are in fact equivalent.

Witten’s idea of proving Morse inequality ([W], [S]) is to use Witten deformation
of de Rham complex to construct a complex of finite dimensional vector spaces
which calculates the cohomology of M and whose dimension in degree k equals the
number of critical points of index k. The Morse inequality will follow from the
following algebraic lemma:

Lemma. Suppose (_Ck, d) is a complez of finite dimensional vector spaces, let m; =
dimC", 8; = dimH"(C,d), then

k k .
) X >0 ifkis even
—1)im; =S (=1)1B; 4 = ’
,_( )i Z( m{go if k is odd.
=0 =0
To construct the complex of finite dimensional vector spaces, let cf, ..., ¢k, be
the critical points of f of index k, x = (z1,...,z,) be a coordinate system in a

neighbourhood of c? given by the Morse Lemma, i.e.
F@) = F(0) =% — - —af @iy + oy,
Let g be a Riemannian metric on M and suppose that in a neighbourhood of the
critical points, the metric g is given by the canonical Euclidean metric when repre-
sented in the above coordinate system. (Such a pair (f, g) will be called compatible.)
Consider the de Rham complex (2* (M), d) which calculates the cohomology of M.
Let
d(t) = e~ de'/,
d*(t) = et/ d*e 7,
A(t) =d)d*(t) + d*(t)d(t).
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Since d(t) and d are conjugated by e/, (Q*(M), d(t)) also calculates the cohomology
of M, which is also given by the harmonic forms of A(t).
In the above coordinate system, A(t) is given by

k k
A(t) = dd* + d*d + 422> + {— > ldai,i(0)] + > [da, z'((?i)]}
i=1 i=k+1

where dx; is the exterior multiplication by dx;, while i(9;) is the interior multipli-
cation by 0;. (Recall that the interior multiplication by a vector field X is a zero
order operator ix : Q*(M) — Q*1(M).)

Now define the ‘localized” operator A%(t) : Q*(R™) — QF(R™) to be given by the
above expression and notice that

AR = U peal (U E'/?)

where (U(Nw)(x) = A" 2w(Az). Since U()) is an isometry, then A_f(t) and tA_;?(l)
are conjugated by an isometry.

Let KI = Ak( ) and {c¢;}1<j<, be all the critical points of f.

Let

0<e <el << <.

be all the eigenvalues of ®F_, K : @jlek(R”) — @jzlﬁk(R”).
Then

0<tel <tef) <. <t <.
are all the eigenvalues of (B’_ Ak( ) D, QF(R™) — D, QOF(R™).
Let
k k
0<EMn<EPH < <EM@) <
be all the eigenvalues of AF(t) : Q% (M) — QF(M). Then we have

Theorem (Witten, Simon).

EM
lim —+—~ ®) = el(k).

t—o00 t

E® (¢
Let us consider those El(k) (t) s.t. limy— o0 = ( ) — 0.

Observe that K Jk has exactly one zero elgenvalue (whose corresponding eigen-
vector is a k-form) iff index c; = k.

So we have
E® E® (k) (k)
0= lim =~ = lim =2~ = ... = lim P =< lim —metl <
t—oo t—oo t—oo t—o0
In fact, one can show that
limy oo B (£) = limyoe BSP(t) = -+ = limy—o0 B9 () = 0
limy—oo B 1 (1) = iy B o (8) = -+ = +00.

Corollary 1. For any 0 < a < b, there exists tg > 0 s.t. for t > to,
k k
0<EP@t) < <EP@#) <a<b<EY () <EY ,@t)<---.
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We say that F(t) is a small (resp. large) eigenvalue of AF(t) if lim; o, E(t) =0
(resp. 00).
Define

Qk (M, t) = Span{¥(t) € QF(M)|AF ()T (t) = B(t)¥(t)

small

where E(t) is a small eigenvalue}.

Similarly, QF

Jarge (M, t) is defined to be the linear span of the eigenforms correspond-

ing to the large eigenvalues of A*(M).
Then we have

Corollary 2.
(i)
Q5 (M), d(t)) = (Uipau (M, 1),d(t)) & (Rarge (M, 1), d(t))
where (5 (M, t),d(t)) is acyclic.

large

(ii) (Q7,,an(M,t),d(t)) calculates the cohomology of M with dimQ~ . (M,t) =
mg < 00.

Corollary 3 (Morse Inequality).

k k ) )
E : i Z ; >0 ifkis even
_1 7 i — _1 [3 : - N
i:o( ym i:O( e {S 0 if k is odd.

Proof. Apply the algebraic lemma to the complex (27, .,;(M,t),d(t)).
(b) Review of Helffer-Sjostrand theory for a Morse Function.

Definition. 1. Suppose f is a Morse function, g a Riemannian metric on M,
the pair (f,g) is said to satisfy the Morse-Smale condition if for any two critical
points z and y, the ascending manifold W and the descending manifold W, , wr.t.
—Grady f, intersect transversally.

2. The pair (f,g) is said to be compatible if for any critical point ¢, one can
choose a coordinate system about ¢ such that

f@) = fle) —ai = —aj 4w+ F
dg=d2x1+~~~—|—d2a:n
when represented in the above coordinate system. Such a coordinate system will

be called a compatible coordinate system for f and g.
3. A Morse function f is said to be self-indexing if for any critical point x,

f(z) = indezk.

Proposition 1. (i) (c¢f. [Sm]) For any pair (f,g), there is a C* approzimation g’
such that g = ¢’ in a neighbourhood of the critical points of f and (f,q’) satisfies
the Morse-Smale condition.

(i) (¢f. [M], §4) For any Morse function f, there exists a self-indexing Morse
function f’ such that f and f' have the same critical points with the same indices.

Theorem. Suppose [ is a self-indexing Morse function and g a metric such that
(f,g) is compatible and satisfies the Morse-Smale condition, then
(4) {Wm_k Yo<k<nii<j<my 18 a CW-complex, where my, is the number of critical

points of fj of index k.
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(i) Let (Cw(M, f),d) be the cellular chain complex of the above CW -complex,
(C*(M, f),6) be its dual cochain complex.
Then Int : (*(M),d) — (C*(M, f),0)

Int(wk)(W,) = /W w  for wy, € QF(M)

x _
ok
J

is a morphism of cochain complexes.

Proof. A proof of this theorem can be found in [L].

Hence the composition

(Ve (M. £.1).d(£)) <5 (0 (M), d) 2% (C*(M, 1), 6)

small

is also a morphism of cochain complexes.

Suppose further that (f,g) is compatible. For any critical point a:f choose a

compatible coordinate system about x? so that the chart contains B(0,¢) the unit
ball of radius € in R™ for some € > 0. Choose p € C5°(R) so that

{1t <s,
ple) = {o if |z] > e.
Define
2\t e
oy )= B0l (2) et -
T
where ((t) is chosen s.t. ||\I/m;c )] =1.
Define Ji(t) : C*(M, f) — QF(M) by
Ji(t)(egr) = Vo (t)
where {e_x} is the dual basis of {W, }.
J [l)]

Let Q(t) be the orthogonal projection onto Q¥ (M, t).
Define
Hy(t) = (Qr(8) k(1) (Qr (1) J (1),
Te(t) = Qi) i () (H (1)) 2.
Then Ji(t) : C*(M, f) — QF (M, t) is an isometry.
Define

Ei(t) = jk(t)(ewg?)'

Then {Ez? (t)}1<j<m, forms an orthonormal basis in Q% . (M,¢).

Proposition 2 (cf. [HS], [BZ]). (i) There ezists a neighbourhood Uy of zh con-
tained in the chart of compatibility s.t. on Uk,

2t

n/4
> 6‘tz2(dx1 /\---/\d.’L‘k—l—O(t_l)),
™

Ei(t) = (

J

(i)

Intketf(Em? () = <—> ’ etk(ew& + O(t_l)).
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Hence, define F*(t) : QF M,t) — CH(M, f) s.t

n—2k

FrO(Es(0) = (37) ¢ Intee (B, (1)

small (

and let
( small(M t) J( )) :( small(M t) (ﬂ-/2t)l/2d(t))7

then we have

Theorem (ct. (BZ), [HS]). F*(t) : (€,,,,(M.0),d(t) — (C*(M, £),5) is a mor-
phism of cochain complexes s.t. w.r.t. the bases {E, k(t)} and {e, k}

F*t)=T+0(t™1).
As a consequence, we have

Theorem (Helffer-Sjéstrand).

<Ew?+1 (1), d(t)Ez;c (t)) = E_t@ (Z €y + O(t_1)>

- _ : - k1
where i(z; 7", x7) = Y €y is the incidence number between x;

defined in the Witten-Morse theory.
Proof. Let

KL kY and ¥ as is

for some real \j;(¢), 1 < j < mpy1.
Since 6Intietf = Intk+1etfd(t) we have

5(Intke fE k Z/\ﬂ Int;.H_le tE k+1( )
J

By Proposition 2(ii),

2t\ /%, )
= —_— i1 1 t
de gk < - > e XJ: Aj (t)em;w +0@ )

Using the fact that de,r =, z'(x?“, z¥)e_r+1, the theorem follows by comparing
’ k

coefficients in the above equation.

1.2. S'-equivariant cohomology, S'-equivariant Hodge theory, equivari-
ant Morse theory, Witten deformation and ‘localized’ operators. (a) S'-
equivariant Cohomology. Let M™ be a compact manifold, p : S' x M — M be a
smooth action. Let X be the infinitesimal generator of the S'-action and ix be the
contraction along the vector field X.

Then d : Q¥ (M) — QFY(M) and ix : QF (M) — QF1(M).

Define

QM) = Q¥ (M) & Q"2 (M) @ - --
So d +ix : QF(M) — QFFL(M). Note that
(d+ix)? =dix +ixd= Lx
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where Lx is the Lie derivative along the vector field X. Define
Qi (M) = {w € Q" (M)|Lxw = 0},
QF (M) =0F (M@ Qb 2(M)e---.

mnuv mv

Then D = d+ix : QF (M) — (NZf,:Z}l(M) and (Q,, (M), D) is a differential complex.

Define the S'-equivariant cohomology of M to be

The complex (fl;fm(M ), D) will be referred to as S'-equivariant de Rham complex.
A different description of the same complex will be given later.

(b) St-equivariant Cohomology with Coefficient in an Orientation Line Bundle.

More generally, let E — M be a vector bundle over M of rank k, o(E) =
ATe"kE(E) — M be its orientation line bundle. This bundle has a natural flat
connection and therefore if Q*(M, o(E)) denotes the space of o( F)-valued forms on
M, one can define d : Q*(M, o(E)) — Q1 (M, 0(E)) by d(w® s) = dw ® s where s
is a locally constant section of o(E). Then (Q*(M,o(E)),d) is a cochain complex.

Also one can define ix : Q¥(M, o(E)) — QF~1(M, o(E)) by

ix(wW®s)=ixw®s

and consider Ly = dix +ixd: Q¥(M,o(E)) — Q¥ (M, o(E)).

Let

O, (M, 0(E)) = {w € Q*(M, o(E))|Lxw = 0},

Since D = d+ix : QF (M, 0(E)) — QL (M, o(E)) with D? = 0, one defines

Hz (M, 0(E)) = H*(Q},, (M, 0(E)), D).
(c) St-equivariant Hodge Theory.
Suppose further that g is an S 1-inva£iant metric on M. Using the inner product
induced by g on Q*(M) and hence on Q*(M), we have
D=d+ix: QM) — Q" (M),
D* = d* +i% : QFHY(M) — QF (M)
and D(QF (M) c QC+Y(M), D*(QFFY (M) c QF

mv muv muv muv

Define

(M).

A¥ = DD* + D*D : Q(M) — QF(M).
Since A¥ = dd* + d*d + (di%y + i d + d*ix +ixd*) +ixi% +i%ix is elliptic,
H (M) = {w € OF(M)|AFw = 0}
is finite dimensional. Note that we have
I =P+ A*G on QF(M)

where P is the projection onto the harmonic forms and G is the Green’s operator
(or the parametrix) of AF.
Therefore,

I = P + Di(D;G) + Di(DiG).
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Let w € QF

mv

(M), then
w = Pw ® Dy (D;,Gw) @ D} (D,Gw).
Since D(QF (M) € QFFL(M) and D*(QFH (M) c QF

muv mnuv mv

(M), every term in the
;FTL'U

above equation is in Q}, (M), one can easily verify that

QF

mnuv

Consequently, HE, (M) = HE (M) and dimH%, (M) < oo.

(d) Equivariant Morse theory. Let M be a compact manifold with a smooth
Sl-action, f be an Sl-invariant function on M. For x € M, let O, = {gx|g € S'}
be the orbit of . A submanifold O of M is called an orbit if O = O, for some
reM.

Let d2f : T,M x T,M — R be the Hessian of f at x € O. Since f is invariant,

it induces a symmetric bilinear form on T, M /T,0:

(M) = HE,, (M) LDy(Qf, (M) LD} (U7 (M)).

inv inv

d2f : (T,M/T,0) x (T,M/T,0) — R.

Definition. O C M is called a non-degenerate critical orbit of f if
(i) O is an orbit which consists of critical points of f.

(ii) dg f is non-degenerate for some z (and hence for any = € O).
Remark. The above definition is independent of the choice of x € O.

We shall consider only invariant functions whose critical orbits are all non-
degenerate. Since M is compact, and since non-degenerate critical orbits are iso-
lated, f has only a finite number of critical orbits.

Now let O be a critical orbit of f, x € O and v(O) be the normal bundle of
O in M. Since d2 f is symmetric and non-degenerate, let v~ (O) be the subbundle
spanned by the negative eigenvectors of d2f where 2 € O. More precisely, using
the metric g, we identify T, (M)/T,(O) with Tx(O)*. With the above identifi-
cation, we regard d2f as a non-degenerate, symmetric bilinear form on 7,,(O)*.
Let H, : T,(O)* — T,(O)* be the linear map associated with the bilinear form
d2 f w.r.t. the metric g. Then v~ (0O) is the subbundle spanned by the eigenvectors
corresponding to the negative eigenvalues of H, where z € O.

Let 6~ be the orientation line bundle of v~ (O).

Definitions. )
1. index O = index d2 f for any x € O,
2.
Por(M,t) =Y t'dimH (M),
i=0
3.
Ma(M, f,t)y= Y 7™ 9Pg(0,07,1),

O¢€ Crit Orbits
where Pg1(0,07,t) = > 72 t'dimH, (0,07).

Then following Bott [B], we formulate the S'-equivariant Morse Inequality as
follows:
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Theorem (S!-equivariant Morse Inequality).
MSI(Mv fvt) - Psl(M,t) = (1 + t)Q(t)
where Q(t) = Eio tiq; with ¢; > 0.

Our approach of proving the S'-equivariant Morse inequality is to apply the
Witten deformation of the S'-equivariant de Rham complex, which is explained
below, to obtain a subcomplex of finite dimensional vector spaces. The Morse
inequality is proved once again by applying the algebraic lemma.

(e) Witten deformation of S-equivariant de Rham complex.

Let M be an S'-manifold and g be an S'-invariant metric on M.

Let D(t) : 0%, (M) — Q511 (M),

D(t) = et (d+ix)etf =e tfdet +ix =d(t) +ix.

Then D(t)* = etf (d* +i% )e ™t = d(t)* +i%.

Define

A*(t) = D()D(t)* + D(t)*D(t) : QF (M) — QF (M)

mv mv

dt)d®)* +d(t)"d(t) + (ixix +i%ix) + (d¥ix +ixd") + (di%x +i%d).

Clearly for any t, (Q7,, (M), D(t)) calculates the S'-equivariant cohomology of M.

Since A¥(t) (with domain and range Q*(M)) is elliptic, the Hodge Decomposition
Theorem remains true for any ¢; moreover for any ¢, the ﬁk(t)—harmonic forms
calculate HE, (M).

(f) Morse Lemma.

Let G be a compact Lie group, H a closed subgroup, p; : H — O(R*), i =1,2,
be two orthogonal representations. Denote by p = p1 © po : H — O(RF1F2) the
direct sum of p; and py. With the diagonal action of H on RF1 %2 x G, the quotient
space RF1+52 » ;1 G becomes a bundle E over H \ G.

E(pl,pg) = Rk1+k2 Xy G—H \ G.
Note that the zero section of F is an orbit of G which has the isotropy group H.
Let p: E X G — G be the smooth action given by

M([vu 91]7 g) = [’U, glg]
Also, let h : E — R be the map defined by
h([v1 @ va, g]) = —|v1]? + oo .

The above example is called the standard model.
Morse Lemma. Let M be a G-manifold of dimension n, f an invariant Morse
function, x a critical point of f with orbit O, G be the isotropy group of x.
Suppose that

d2f : T,M/T,0 x TyM/T,0 — R

is a symmetric non-degenerate bilinear form of index k. Then there exist two or-
thogonal representations py : G, — O(R®) and py : G, — O(R"‘k_d”"(G/Gm)) and
a G-equivariant diffeomorphism

¢ : D(E(p1,p2)) = U

where D(E(p1,p2)) is the unit disc bundle of E and U an open neighbourhood of
O, so that
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(i) The zero section of D(E(p1,p2)) — G \ G is mapped onto O,.

(i) (f = f(x))op=h.
Remark. Note that the product metric on ) x G induces a metric on
E = R~ 4m(G/Ga) » o G which in turn, by using the above G-equivariant diffeo-
morphism ¢, induces a metric on U.

R’I’L—dim(G/Gz

(g) Local expression of A*(t) near critical orbits.

In the case of G = S', G, =2 1,Z,,, or S'. The following cases exhaust all the
possibilities of the standard model.

Case 1: G, =2 1,0, = S' and U = D(E) = D" ! x S! where D" is the unit
disc in R*1. Let index O, = .

Let x = (71,...,%,_1),0 be the coordinates in D"~! and S respectively. Then
the function f and the canonical metric g can be expressed as
(1.1) fod(,0)=f(0)—af — - —af +af, ++ap_y,
(1.2) dg = d*xy + - + d*z,,_1 + d*0.
Recall that ix : Q¥ 1(M) — QF(M), % : QF(M) — QF1(M)

with

Z} (wk, Wk—2,Wk—4, - - ) = (i}wk_g, i}wk_4, .. )
= (d@ ANWg_2,d0 N wg_4, .. ) in U.

For w e QF (M), write

w = (wk Pwr_1 N d0) &) (C:Jk_Q P wp_3 A d@) in U,

where Gy, respectively @3, is the pullback of a form in QF=2(Dn=1), respectively
in Q¥=3(D"=1), by 7 : D"t x S! — D"~ and wy, respectively wy,_1 is the pullback
of a form in QF(D"~1), respectively Q¥~1(D"~1), by the map 7.
Since
(di%y + 1% d)(@Wp—2 & Or—3 Ndl) = d(i%@g—2) + i%dDr—2 + 5% d(Dp—3 A db)
=d(dO N Dg—2) + dO N dog_2 + 0
= —di Ndog_o + dO N dog_o
= O,
(dix +i%d)(wr @ wk—1 A df) =0.

Hence
{di} +i%d =0,
d*ix + ixd* = (di’; + i%d)* = 0.
Therefore,
13) AF(t) = dN(t)d(t)* +d(t) d(t) + ixiy +i%ix in U
= PF(t) +ixiy +ikix

where P*(t) = d(t)d(t)* + d(t)*d(t).
Case 1': G, 2 Zy,, 0, 2 ST and U =2 D" 1 x5 SL.
Let p be the canonical projection

p: D"t xSt Dl i, St

m
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Note that the metric on D"~ 1x7 S isinduced by the product metric on D" ! x S*.
Since p is locally a diffeomorphism, we can use on D"~! xz S! the coordinates
(w1, ..., 2p_1,0) of D" xz S'. With respect to this coordinate system, AF(t) is
given by the same expression as in Case 1.

Case 2: G, 25,0, =z and U =2 D" xg S' = D",

In this case,

AF(t) = PH(t) + (ixik +ikix) + (dik +i%d) + (d%ix +ixd").

(h) ‘Localized’ operators.

We define the corresponding Laplace operators in the standard models R"~1 x S*,
E =R""1 xz 8! and R" respectively.

Case 1: Define ﬁf(t) L QF (R % §1) — QF  (R"! x S) given by the same
expression in (1.3), where the ‘=’ signifies an operator in the standard model, j
corresponds to the critical orbit O, with index O; = [ and

l n—1
PE(t) = dd* + d*d+ 4% +t | = [dwiig, ]+ D [dwi,ia,]| .
=1 i=l+1

ixi} + i}}ix = Eld7
where

inv

w ifwe Q2R x S,

inv

: k n—1 1
5(w):{0 if we Qb (RP1 x S1),

Define (=D (\) : Q*(R"1) — Q*(R"1) by
U V) (@) = A" 2w(Az).
Then
AR = UMD EPYRE + (ixik + i%ix U™ D (¢ 1/2)
where I}jk = ﬁk(l)
Case 1’: Define ﬁ?(t) CQk (E) — QF (E) where E = R"~! x5 S!is a vector

muv mv
bundle over S*. The operator is given by the same expression in Case 1.

Case 2: Define A%(t) : QF (R") — QF  (R") by

inv inv
AR(E) = PR(#) + (ixiy + ixix) + (di% +id) + (dVix +ixd).
Since S! acts by isometry, the S'-action is given by an orthogonal representation
R of S! on R™ of the form
R(e?) = ™Iy @ ™20 @ ... @ ™[y @ I,

for some ¢ € Z and some m; € Z for 1 < i < q. Here I} denotes the identity on R¥.
Then

X = (—mix2, M1, —MaZq, MaZ3, . .., —MgLag, MqL2g—1,0,...,0)

and ixi% + i%ix = €| X|? where ¢ is defined as in Case 1 above.
In this case,

—~ n = 1 -k - . * * . n -
AR =uUm (1?2 th—l—¥5|X|2+(sz+de+sz +d¥ix)| U™ (2.
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1.3. Formulation of results.
(a) Witten theory.
Let Oq,...,0, be all the critical orbits of f,

0< E§k)( t) < E(k)( )< < E(k)( t) < ... be all the eigenvalues of AF(t),
<... < El(k) < ... be all the eigenvalues of @??,
j=1
0< E:(Lk) (t) < Eék)(t) <-- < El(k) (t) < ... be all the eigenvalues of @Zf(b‘)
j=1
(M) and the localized operators Zk( t) act on the corre-
(R"=1 x 1), QF (E) or QF (R").

muv mv

Here AF(t) acts on QF
sponding spaces of invariant forms, namely QF

Note that @, K ? acts on the space

(Dot s) & (D hn(2) & (D (2)

with as many copies in the individual summands as the number of critical orbits
whose local structure is described by the corresponding standard model.

muv

Theorem 1.

E®)
lim l—(t)z lim l—zel

t—o0 t t—oo t

Now consider those eigenvalues of A*(t) so that lim;_ . E - ) — 0. That is we

need to count the zero eigenvalues of @;:1 K ;’“ It suffices to count in each case
separately.

Case 1: K : QF, (R™1 x §1) — QF  (R*1 x §1),

For any w € va (R"=1 x S1), there exists @y, Ox—1 which are pullback of forms
in QF(R"1), QF1(R"~1) respectively by the projection p : R"~1 x §* — Rn~1
such that

W= ®1+w0p1 @do
that is

k
anv

(R*! xS = (R @R 1) & Q" (R )R- db).
Let Ajps denote the Laplace operator on a manifold M. Then
Kf = Apn-1yg1 + 427 —|—Aj

= (Apn-1 ®id®id ® Ag1) + 42% + A;

= (Agpn-1 +42° + A)) ®id +id @ Ag:

where A = Zlnd&z s [d‘r“ 1o, ] + Zz index Oj +1[dx“ Lo; ]

When regarded as an operator on the space of all forms in R" !, then Agn-1 +
4% + A; has exactly one zero eigenvalue with corresponding eigenform w; €
Qi (R"~'), where l; = index O;. This implies that w;, ® 1,w;, ® df are eigen-

R"~1 x S'). Since K ¥ acts on this

forms corresponding the eigenvalue zero in Q7 (

space, we have
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(i) If I; <k, then K f has exactly one zero eigenvalue. This is because

If [; = k(mod 2), then w;; ® 1 is the corresponding eigenform,
If [; # k(mod 2), then w;; ® df is the corresponding eigenform.

(ii) If I; > k, then Ef has no zero eigenvalue.

Case 1': I}f QF (BE) — QF (E).

The situation is similar, with the only difference that we have to restrict to
those O; whose 0~ is trivial. (Indeed, if there exists such an eigenform w;, =
g(x)dzy A --- A day;, since it is invariant, g(z) # 0 for any = € O;, which implies
that 0~ is trivial.)

Case 2: I?f :QF (R™) — QF (R™) where I?f = A +42% + A;.

In this case, any eigenform corresponding to eigenvalue zero is automatically
invariant. Hence

(i) If [; < k and I; = k(mod 2), then Ef has exactly one zero eigenvalue.
(ii) If I; < k and I; # k(mod 2), then IN(;“ has no zero eigenvalue.
(ili) If I; > k, then I?f has no zero eigenvalue.

Definition.

QF, o(M,t) = Span {\Il(t) e QF (M)|AF@#)U(t) = E(t)¥(t) and lim %t) - o} :

Corollary. (i)
dimﬁ?an(Ma t) =mg+mg_1+---+mg+ m{ + m£_2 + m£_4 4.

where

f

m; = number of critical fized points of index 1.

{mi = number of critical orbits of index © whose 0~ is trivial,
3

(i) (ﬁfnv70(M, t),D(t)) is a complex of finite dimensional vector spaces which
calculates the S'-equivariant cohomology of M.

Using the complex (Qfm)o(M, t), D(t)), one can verify the S'-equivariant Morse
Inequality. However, one can also verify the S'-equivariant Morse Inequality by
using another subcomplex

(o, am (M, £), D(1))

inv,sm

which not only calculates the S'-equivariant cohomology of M, but also is better
connected with the geometric complex which is induced by (f, g) and calculates the
Sl-equivariant cohomology.

To introduce this subcomplex, note that the eigenvalue E(t) such that

lim —= =0
t—oo

have the property
lim E(t) =a
t—oo

for some a > 0 which depends on the one parameter of eigenvalues E(t).
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Definition.
1. E(t) is a small eigenvalue iff lim;_. o E(t) = a = 0. Otherwise, i.e. if a > 0,
E(t) is of finite type.

2.
fo,sm (M. 1) = Span{¥(t) € O, (M)|A* () (1) = B(t)¥(¢)
and E(t) is a small eigenvalue}.
Clearly,
oo (M 1) C Qi o (M, 1),
Lemma.

dimQF (M) =mg+ml +ml_,+ml_, +--.

inv,sm

Using the complex (ﬁfm’sm(M ,t), D(t)), the Morse inequality follows by apply-
ing the algebraic lemma mentioned in §1.1.
(b) Helffer-Sjostrand Theory for S'-equivariant Cohomology.

Suppose f is an S'-invariant function on M, g an S'-invariant metric on M.

Definition. (f,g) is said to satisfy the Morse-Smale condition if for any two critical
orbits O, and Oy, W, and W, intersect transversally, where W, W, are the
descending and ascending manifold of O, and O, respectively.

Definition. An S'-invariant Morse function is said to be self-indexing if for any
critical orbit O, > x,

f(z) = index x.

Definition. The pair (f, g) is said to be compatible if for any critical orbit O, of
f, one can choose local coordinate system about O, such that

(a) If O, = S!, then f and g are given by (1.1) and (1.2) respectively when
represented in the above coordinate system.

~

(b) If O, = point, then when represented in the above coordinate system
(1, Tn),
f@r,..zn) = flx) —al — - —af + a3+ + 2o,
dg = d*dwy + -+ + d*ap.

Let f be a self-indexing invariant Morse function such that (f, g) is compatible
and satisfies the Morse-Smale condition. Then a geometric complex, which calcu-
lates the S'-equivariant cohomology of M, can be described as follows (see §4.1 for
details).

Let E = Eg be the universal principal bundle of S'. Mg = E x M/S* be the
homotopy quotient of M.

Define f : E x M — R by f(e, xz) = f(x). Then f descends to a function
on the infinite dimensional manifold Mg: which is denoted by fg:. Let X =
fait((—00, k + 3]), then we have

XoCXpC---C Xy, =Mgr.
Define 0 : H*(Xk,Xk_l) — H*_l(Xk_l,Xk_Q) by

Ho(Xp, Xp1) — Hoo(Xp1) —5 Heo(Xp_1, Xp_2)
[o] — [00] — i+ [00]
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where i, is induced from the inclusion X o C Xp_1
H.(Xp—2) — Ho(Xpo1) 25 Ho(Xpm1, Xpm2) — Hoo1(Xp—2).
Define

Cr(M, f) = €D Hi(Xi, X 1).
i=0
Also the above boundary map induces the map
0: Cp(M, f) — Cr—1(M, f)

with 92 = 0. Therefore, we obtain the complex (C, (M, f),d) and its dual cochain
complex

(C*(M, [),0).
The complex (€2, (M,t), D(t)) can be interpreted as a complex of differential

inv,sm

forms on Mg:1 which can be explained as follows (see [AB] and §4.2 for details):

Let g =2 R be the Lie algebra of S!, g* be the dual of g.

Let Sg* be the symmetric algebra generated by ¢g* whose generator is denoted
by u, Ag* be the exterior algebra generated by g* whose generator is denoted by 6
with degu = 2,degf = 1.

Let W(g) = Ag* ® Sg*, called the Weil algebra, which is the algebra generated
freely by 6 and w as a commutative graded algebra i.e.

wpwg = (—1)Plwqwy,.
Define Dy : W(g) — W(g) by

D09—|—u:0,
Do’u:O

and is extended to W(g) as an anti-derivation. Observe that D3 = 0 and the
complex (W(g), Dy) is a subcomplex of (Q*(FEs1), Dy) where Dy is the exterior
derivative. (W (g), Do) is usually referred to as the de Rham model for Eg: whose
homology calculates the cohomology of Eg1.

Consider the principal S'-bundle over Bg1, S' --» Eg1 — Bgi. Since S' acts
on Fgi,let X be its generating vector field. Note that 7* : Q*(Bg1) — Q*(Fg1) is
an injection and w € 7*(Q*(Bg1)) can be characterized by

ix(w)=0,
{Lx(w) = (ixDoy + Dyix)(w) =0
where Dy is the exterior derivative. Hence define the basic subcomplex Bg of W(g)
Bg ={w e W(g)lix(w) = Lx(w) = 0}.

Then Bg = R[u] & H*(Bg1) and is called the de Rham model of Bg:.
For the de Rham model for Mg1 = E X1 M, consider

(W(g) ® Q*(M),D = Dy ® id + (—1)%°8“id @ d)

which is the de Rham model for Eg1 x M. Since S' acts on Eg1 x M by diagonal
action, let X be its generating vector field on Eg1 x M.
Define the basic subcomplex (Q; (M), D) of W(g) ® Q*(M) by

QM) ={w e W(g) ® ¥ (M)lix(w) = Lx(w) = 0}.
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It is well known (cf. [AB]) that H*(Q;(M),D) = Hg, (M). (;(M),D) is referred
to as the de Rham model for Mg: and can be interpreted as a subcomplex of
(2 (Mg ), D).

In fact, there exists an isomorphism

A (5, (M), D) — (€2,(M), D)
between the two cochain complexes, and therefore it induces for any ¢ an isomor-
phism

M) = (2, (M), D(t) = €7 Det) — (2 (M), D(t) = (™)1 D(e)s1)
between the two cochain complexes. Since (anmsm (M, t),D(t)) C (2, (M), D(t)),
A(t) induces a corresponding ‘small’ subcomplex (£2* (M,t),D(t)) which cal-

g,small
culates the S!-equivariant cohomology of M.

Proposition.
Int : (Q5(M),D
w

(C*(M, f),6),
Jow

is a morphism of cochain complexes.

As a consequence, the composition

Int

(2 st (M., D)) 55 ()51 o (M.8), D) L2 (C* (0, £),8)

g,small g,small

is a morphism of cochain complexes. Finally, we can state one of the main results
in this paper (see §4.3):

Theorem 2. Suppose f is a self-indexing invariant Morse function such that (f, g)
satisfies the Morse-Smale condition. Then there exists a morphism of cochain com-
plexes

F*(t) = Int(e") 1 : () qman (M, 1), D(t)) — (C*(M, [),5)

g,small

such that w.r.t. some suitably chosen bases (see §4.3 for the description of these
bases),

F*t)=I1+0(t1).

The following is an outline of this paper. In §2 we prove Theorem 1, and in §3,
we apply Theorem 1 to obtain dim QF (M, t) as described in the above lemma,

inv,sm

hence finish the proof of the Morse inequality. In §4 we show that (ﬁjm)sm(M 1),
D(t)) converges to (C*(M, f),d) as t — o0, i.e. we prove Theorem 2.

This paper is originally written as part of my Ph.D. thesis under the guidance of
Professor Dan Burghelea. The author would like to thank him for suggesting the
problem and his help throughout this work. Also the author plans to extend the

results to the case of an arbitrary compact connected Lie group in future work.

2. PROOF OF THEOREM 1

We begin by recalling and introducing some notations. We have already defined

the Laplacians AF(t), ﬁf(t% I?;’“ in §1. (Here, the bar above an operator designates
an operator on the standard model.) In this section, k& will be a fixed integer. For
simplicity of notation, the superscript k£ for eigenvalues and eigenvectors will be
dropped.
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Let

0< Ey(t) < Eo(t) <--- < Ey(t) <--- be all the eigenvalues of AF(t),
Uy (), Ua(t),...,¥i(t),... be the corresponding normalized

eigenvectors,

€;(t) <--- be all the eigenvalues of @Zf(t),

J=1

IN
IN

r —
0<e <& <---<g <--- be all the eigenvalues of @K;’“
j=1

Theorem 1.

lim —El (*)

t—o00 t

Proof. We shall follow the argument of B. Simon (cf. [S], pp. 219-222) and separate
the proof into two parts. In Part I, we shall prove

— E
(2.1) i 2)

t—o0 t

=¢€.

<e
and in Part II,

(2.2) lim Ey(t)

t—o0 t

>e.

Part I. For any n, let p, € C*(R™), 0 < p, < 1, such that

() = {1 if 2] < 1/2,

0 if|z| > 1.
For any critical orbit O;, 1 < j <, define J; € C°°(M) such that

pn—1(z) if O; = S' where (21,...,2,_1,0) are the
Jj(x) = coordinates in U; as defined in §1.2(g),
pn () if O; is a critical fixed point.

Define Jo = /1 —-32"_, J?.

It is clear that A f(t) acting on L2-forms have discrete spectrum in Cases 1 and
1/, and hence has a complete orthonormal basis of eigenvectors {¥; ;(¢)}ien-

In proving Part I, we need several lemmas concerning the operator A f(t) corre-
sponding to a critical fixed point O;, which will be proved in the Appendix.

Lemma 2.1. For a critical fived point O;, the ‘localized’ operator zﬁ(t) has dis-

crete spectrum and has a complete orthonormal basis of eigenvectors {ﬁl}j (t) hien
corresponding to the eigenvalues

0<e,(t) ST () << e (1)<

Let0<e; <ey; <---<e,; <--- be all the eigenvalues off?;?,
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Lemma 2.2.

& (¢
lim eld( )
t—o00 t

In all cases, define ®; ;(t) € C°(M) by
(I)l}j(t) = Jjﬁhj(t).
Note that @, ;(t) is localized at the critical orbit O;. Also, using the identification
of U; with a neighbourhood of zero section of the standard model, ®; ;(t) can be
(E) or Q (R™).

mnuv

€l,5-

considered as a form in QF

Lemma 2.3. For a critical fized point O;,
0 (@ (8), P (8)) = G-
The above lemmas will be proved in the Appendix. Also we need (cf. [9]).
IMS Localization Formula.
TRk (1).J; = %(Jfﬁk(t) + RR(8)J2) + |, 2.
Hence
AF(t) = Z JiAk )y — Z |dJ;|2.
j=0 j=0
Based on the above lemmas, we establish
Propos_ition 2.4. For any_critical orbit O;, suppose Tl,j,ﬁm,j are two eigenvec-
tors of A%(t), then (By;(£) A% ()P (1)) = €1 (t)01m + o(1).
Proof. In Cases 1 and 1’, we have (cf. [S])
Qi (@,5(8), @rn () = O
By Lemma 2.3, we have in all cases,
(@15 (t), P, (1)) = bim + €m (1)

where lim;— o0 €1, (2) = 0

(1,5 (1), A (0@ 5 (8)) = (15 (0), Ty A5(0) T;T,05(0))
ST (0, (2R + B AT T (1)
+ (U1 (1), |dJ; W 5 (1))

(by IMS Localization Formula)

= %(El,j(t) + Cm.j (1)( P (1), P (1)) + O(1)

= %(El,j(t) + €m,j (t))0im + 1(51,3' (t) + 8m,j (t))em (t) + o(t).

2
By Lemma 2.2,
1@t +em(t)em) 1o (e,{l) | Em,;(t)
Jm 5 n = dm (T ) i em (D) =0

This proves the proposition.
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Now let {W;(t)};en be the eigenvectors corresponding to the eigenvalues
{€(t) }ien. Then there exist j;,n; so that

Ui(t) = Up, jy-
Define ®;(t) = J;, ¥y, j, (¢).
The above proposition leads to

Proposition 2.5.

(®1(t), AF ()P, (1)) = & (t) 01 + 0(2).

Proof. If j; # jm, then for sufficient large ¢, ®;(t), ®,,(t) have disjoint support.
Hence

(@) AR (1) (1)) = 0.
If ji = jm = j, then for sufficient large t, ®;(t), ®,,(t) have support in U; and since
AR (1), &f(t) agree on Uj, we have

(@1, (1), A (£) B, (1))
= ©y,,j(t)0im + o(t) by Proposition 2.4
€1(t)01m + o(t).

(@ (t), AF ()P (1))

This proves the proposition.

Since &k(t) operates on forms on a compact manifold, it has a discrete spectrum.
The min-max principle, Proposition 2.5 and Lemma 2.2 imply

li 1) <1 at) =e.
t—oo | t—oo
Part II.
E
(2.3) tim 210 > g,

Proof. To prove (2.3), it suffices to show that for any e € (€;,€,+1), there exists a
symmetric operator R(t) of rank at most [ such that

(2.4) AR(t) > te + R(t) + o(t).
If such operator exists, in order to derive (2.3) from (2.4), choose 0 # W € QF (M)
such that
U(t) € Span{¥1(t),...,Vi41(t)} N KerR(t) and || T(¢)]| = 1.
Then
(2.4) = (U(t), A () W(t)) > te + oft)
= Eipa(t) > (U(t), AR () W(t)) > te + o(t)

E t
= lim H_Tl() >e Vee(e,e41)

t—o0
E t
= lim HTl() > €141

t—o0
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To construct R(t), let f; be an invariant function on M such that
fi(z) = |ldf (@)II* if = € U;,
fi(x) >¢; >0 if x is outside U;.
Define Ef (t): QF (M) — QF (M) such that
AR(t) = dd* + d*d + 1 f; + tA + (iix +ixik) + (ixd + di) + (ixd* + d*ix).
Observe that A¥(t) = A¥(t) on Uj.
In order to show that R(¢) has rank at most I, we need
Lemma 2.6.
Ei (1)

lim ———= =%,
t—o0 t J

where
0< Ey;(t) < Bpy(t) <--- < Epj(t) <--
are all the eigenvalues of &f(t)

Proof of Lemma 2.6. By the proof of Part I,

li <€ ;.
tl»oo t = Gl
Therefore, it suffices to show
E;(t
h_m Z,J( ) Z El J
t—o0 t

let ¥, ;(t) be a normalized eigenvector of Zf(t) corresponding to the eigenvalue
E; ;(t). Recall that

U o {D”‘l xg, S'if 0; = S,

D" if O; is a critical fixed point.
Define
_ {Dn—1(1/2) xa, S1if O; = 81,
I D"™(1/2) if O; is a critical fixed point,
where D™(1/2) is the disc of radius 1/2 in R™.
Claim 1.

Jim ([0 (6) oy = 0.

Proof of Claim 1. Suppose the above is false, then there exists € > 0, {t,, }neny with
t, /" oo such that

(Wr5(tn), Wi, (tn)>M\U]’. > €.
Since A()W, ;(t) = Ey;(t)¥;,;(t), we have
By (0)(We,5(), Or5(1)) = ((dd* + d*d) Wy 5(t), Oy (1)) + 12 (f3015(1), i 5(t))
+ (LA + (B+ B*) +ixik +ikix) (1), ¥, (1))
where B = i%d + di.
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Since dd* + d*d > 0 and (f;9;;(t), ¥;;(t)) > Cj”\Ijlyj(t)”?\/I\U]'.’ therefore
B (050
2 Cjt2||‘1’l,j(t)||?w\ujf. + (A + (B + B") +ixiy +ixix)V;;(t), ¥i;(t)).

Clearly, A,ixi% + i%ix are bounded operators. It will be shown in the Appendix
that B and B* are also bounded. Hence,

By OO = ¢t 900300,
— (¢ Al + [|B+ B* +ixiy +ixix|) ||
Since ||\Ijl,j(tn)||%\4\(]]{ > ¢ > 0, that is the inequality should be: H\Ijld(tn)”?\/[\UJ’. >
e >0,
By (tn)

n

1 e
ZCjtnE—||A||—t—HB-i-B*-f—ZXZX-i—ZXZXH.

['his contradicts
— E it
11 l»]( )

n—oo

< ey
n

Claim 1 is then proved.

Recall that J; has support in U; and it is equal to 1 on U}.
Define ¢y ;(t) = J; U ;(2).

Claim 2.
Jim (1, (8), G, (1)) = Ourm.-

Proof of Claim 2.

(615(1), Sy (1)) = /U 00 (0) A1) + / ) A1)

M\
< [ 00 A 0) 4 16050l lom s O ey
= (Wi5(8), W (8)) = (Wr,5(t), Yon 5 (1)) an\u,

+ 115V O lanuy 1 Ym 5 @) lanv
< O + 20105 (O anvy 1 W, (O s

Similarly, one shows that
(01,5 (t), dm.j () 2 bim — 2/ W15 () | an\v; [ Wim 5 ()| ar0s -

Claim 2 then follows from Claim 1.

Observe that since ¢; ;(¢) has support in Uj it can be regarded as a form on the
standard model.

Claim 3.
(31,5 (6)s A E ()b (£)) = By (8)1m + 0(2).
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Proof of Claim 3.

(15 (£)s A ()b (£)) = @Amﬁku@w<»

Wy5(8), T3 A5 (8)T;Wom 5 (1))

(@15 (0), (JFAS () + AF (1)) Wi (1))
(01,5 (8), AT 1>, 5 (1))

(Brj () + Em(8))(¢1,5(), dm,; (1)) + O(1)

()8 + 5 (B (6) + B 5 ()e(0) + o)

o~ o~

tq wl»—* + o=

where lim;_, o £(t) = 0.
E j(t) <

Since lim ¢, o €, Claim 3 is proved.

By Lemma 2.1, &?(t) has discrete spectrum. Lemma 2.2 together with the
min-max principle imply

which in turn proves the lemma.
Now we show (2.4). By the IMS Localization Formula,

=Y AR = d )
=0 j=0

= JoAF(t)Jo + > J;AR®)T; + O(1).
j=1
Denote % d + di%; by B. Since dd* + d*d,ixi% + i%ix are positive, we have
JoAF(t)Jo > Jo(2|df|? + tA + B + B*)Jq.

Also since Jo has support away from (J;_, U, [df (z)]* > ¢ for some ¢ > 0 on

support of Jy. Hence,

JoAR()Jy > Jo(ct® +tA+ B+ B*)J
> tedg +tJo (ct+A+ (B + B*) — )JO

> teJ¢ for sufficiently large t.
Since ﬁf(t) = A¥(t) on Uj,

AR(t) > tedd + ) JiAR().J; + O(1).
j=1
Recall that Ej ;(t) are eigenvalues of Ef(t) with corresponding eigenvector ¥; ;(¢).
Note that in general E; ;(t) # E,(t) for any I, m.
For any j, define [; as follows. Recall that
Bt et
lim —l’J( ) = lim _61,3( ) =g

t—o0 t t—o00 t = -
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l; is chosen such that
Elj7j <e< Elj-i-l,j'

Define R;(t) : QF, (M) — QF

inv inv

(M) such that on Span{V;;(t)}1<i<i;;, and w.r.t.

{0 <<y
ELj(t) —te 0 0
0 EQ)j(t) —te .- 0
R;(t) = : : . :
0 0 e By (t) —te

and on (Span{¥, ;(t)}1<i<i,) ", R;(t) is zero.
Then RankR;(t) = l; and A¥(t) > R;(t) + te for sufficiently large ¢.
Therefore,

AF(t) > tedd + Y JiR;(t)J; +te Yy J7 +O(1)
j=1 j=1

=te+ R(t) +o(t)

where
def :
R(t) = Y TiR;(1) ;.
j=1

Then RankR(t) < 375, RankR;(t) = 3°5_,1; = | and this proves (2.4) and
completes the proof of Theorem 1.

Appendix.

Lemma 2.0. B = i%d + di% is a zero order operator. Hence it is a bounded
operator iLL
(i) L2(QF (M) where M is a compact S*-manifold.

(ii) L2(QF  (R™)) where R™ is the standard model associated to a critical fized
point where L*>(H) denotes the L? completion of the space H.

Proof. By direct computations.

Lemma 2.1.

Z?(t) =dd* + d*d + 422% 4 tA+ (ixiy +i%ix) + (i%d + di%) + (ixd* +d*ix)

has a complete orthonormal basis {¥, ;(t)}ien of eigenvectors corresponding to the
eigenvalues

e;(t) <e;(t) < <eyt) < -
and lim;_, o € ;(t) = oo.
Proof. Observe that i%ix +ixiy = | X[ =Y7_ m?(23,_, + 23;). Then,
L(t) Y dd* + d*d + 46222 + LA + (iYix +ixiy)

q n
=dd" +d'd+4Y (2 +md)(a3,_, +33,) +4> Y 27 +tA.
i=1 i=2q+1
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Since L(t) is a quantum harmonic oscillator, it has a compact resolvent, i.e.
(L(t) — \) ™t is compact VA € p(L(t)).

By Lemma 2.0, A f(t) is a perturbation of L(t) by a bounded operator.
Since (L(t) — A)~! is compact VA € p(L(t)), choose i\g € p(L(t)) where \g € R
such that |Xo| > ||B + B*||, then

(Zf(t) —iXo) = ((L(t)+ B+ B*) —iXg) !

exists and is compact. Lemma 2.1 follows in view of the standard theorem ([RS],
Theorem XIII1.64 p. 245).

Lemma 2.2.

lim —el’j(t) =€

=€l
t—o0 t J

Proof. Recall that (U™ (A\w)(x) = A/2w(\r), PR(t) = dd* + d*d + 422 + 1A,
I?f = ﬁf(l) and £ : QF (R™) — QF (R™) is such that

mnuv muv

e(w) 0 ifweQf (R,
w) = ~
w ifwe QF2(R").
A direct computation shows that
ARy =uUm () {K"; + t—25X2 + ~(i%d + diy +ixd +d%ix) U™ (=12,
Let 8 = 1, then t — oo = 3 — 0%,
Let
T(B) = K% + 2X? + B(i%d + di’ +ixd" + d*ix)
for # € R C C such that R* U {0} C R. Note that for 3 € R, T(5) is self-adjoint.
Our strategy is to think of T'(3) as a perturbation of K ;’“ and apply the analytic

perturbation theory to study the asymptotic behavior of the spectrum of ﬁf(t)
(For introduction and proofs of the following statements, see [RS], [K]).

Definition. An operator-valued function T'(3) defined on a complex domain R is
called an analytic family in the sense of Kato if (i) VG € R, T(8) is closed and
p(T(B)) # @ where p(T(3)) is the resolvent set of T'(3), (ii) for any By € R, there
exists a Ao € p(T'(Bo)) such that \g € p(T(B)) for 8 near By, and (T(8) — Ao) ! is
an analytic (i.e. holomorphic) operator-valued function of 5 near Gy.

Theorem (Kato-Rellich) (cf. [RS], p. 22). Let T'(8) be an analytic family in the
sense of Kato that is self-adjoint for B real. Let Ey be a discrete eigenvalue of
T(Bo) of multiplicity m. Then for B near By, there exists m not necessarily distinct
single-valued functions, analytic near By, EMW(B3),...,E™(B) of eigenvalues of
T(B) near By with B9 (B8y) = Ey. Also these are all the eigenvalues near Eg.

Suppose that we have shown that 7'((3) is an analytic family in the sense of Kato,
by the above Theorem of Kato-Rellich, for any [ > 1, there exists I’ with [ <’ s.t.

e (1
lim 61,;()_5

t—o00 = i
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In fact, one can show that

lim —el’j(t) =€

=€l
t—o0 t J

To show that T'(() is an analytic family in the sense of Kato, one can show that
T'(p) is an analytic family of type (B), hence an analytic family in the sense of Kato
(cf. [K], pp. 322-323).

Lemma 2.3. For a critical fized point O;, @ ;(t) = J;¥; (),
H (@5 (8), @, (1)) = Gt

Proof. Recall that

ARy =uUm (2t [Kf + t—25X2 + 2(ixd + dix +ixd" +d"ix) U™ (t=1/2)
_ U (g1/2) [tT (%)] U™ (-1/2),
T(3) = ?;‘? + B%eX? 4 B(i%d + di%y +ixd" + d*ix).

Let {T';(8)}ien be the eigenvectors of T'(53).
Define a 2-parameter family of operators

AR, B) = UM E2) T (@)™ (17112)
with cigenvectors (U (1//2)L1(8)}ren. Then

Bk _ n Tk n)($—
P A1) = U (/)[R Hu ) 17172)
= A?(t, 0) with eigenvector U™ (t1/2)T,(0),
&f(t) = ﬁf (t,1) with eigenvector U, ;(t) = U™ (/)T (1).

Theorem (Kato-Rellich) (cf. [RS], p. 15). Let T(8) be an analytic family in the
sense of Kato. Let Eg be a non-degenerate discrete eigenvalue of T(By). Then
for B mear By, there is exactly one eigenvalue E(B) € o(T(8)) near Ey and this
eigenvalue is isolated and non-degenerate. E(f) is an analytic function of B near
Bo, and there is an analytic eigenvector I'(G) for 8 near (By.

Case 1: For simplicity, assume Ej is a non-degenerate eigenvalue of T(0) = K k.
By the above theorem,

lim T4(8) = Tu(0).

Observe that I';(0) is an eigenvector of IN(é?, SO

lim (J;U™ (t/2)T5(0), J;U™ (t/*)T0,(0)) = G-

t—o0

The above equality in fact is the corresponding statement for the Witten deforma-
tion of de Rham complex on R™ and can be shown directly.
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Note that
(@1, (1), Pon,j (8)) = (J;jW1,5(8), Jj W (1))
= (LU ETUB), LU ()T (8) where § = 7
= (U™ (t)10(0), J;U™ (t/2)1,,(0))
— (LU (E2)T4(0), JU™ (#/2)(T0(0) = T (83)))
— (LU (72)(T4(0) = Tu(B)), JU™ (/) (T (8))-

But
(LU (E72)05(0), JU™ (/)01 (0) = T (8)))]

< UM E 2T O)HJ;U™ (E/2) (T (0) — T (8))

< T (O)]| ITn (0) = Do (B)]| =22 0.
Similarly,

(LU (11/2)(T4(0) — Tu(B)), ;U™ (1/2)T,,(8))|

< T2(0) = Tu(B)|| ITm(B)]] =5 0.

Hence,

Jim (1), @ 5(t)) = lim (J;U™ ()T(0), ;U™ (2T, (0)) = Spm.

Case 2: More generally, suppose Ej is an eigenvalue of multiplicity m. By the
calculation in Case 1, it is clear that it suffices to show that I';(3) is an analytic
family and hence limg_oI';(3) = I'/(0). The analyticity of I';(3) is essentially a
consequence of the Kato-Rellich Theorem. Also it can be seen by applying Theorem
XII.2 ([RS], p- 22) to

-1 1
2m |E—FEo|=¢ (5)

and [RS], p. 71, Ex 17, to T(8) = U‘l(ﬁ)T(B)U(ﬂ)IRangepm).

P(B) = dE

3. PROOF OF THE MORSE INEQUALITY

In §2, we proved the theorem that the first term of the asymptotic expansion
of the eigenvalues of AF(t) can be expressed in terms of the eigenvalues of the
‘localized’ operators A ’?(t)7 namely, lim;_, Elt(t) = ¢;. As a consequence, we ob-
tain the complex (Q7,, o(M,t), D(t)) which is spanned by the eigenvectors of A(t)
corresponding to the elgenvalues E(t) so that

(3.1) lim @ =0.

t—o0

This complex calculates the S'-equivariant cohomology of M with
dzsznvO(Mut) =mg + Mkg—1 ++m0+m£+m£_2+ < 00

where m; is the number of critical orbits of index ¢ whose 6~ is trivial and mf is
the number of critical fixed points of index 1.

We want to show further that such eigenvalues are bounded. This can be ac-
complished by refining the arguments in the proof of Theorem 1 for the eigenvalues
satisfying (3.1).
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Recall that A f(t) is the ‘localized’ Laplace operator on the standard model
R"1 xz S' or R". Consider those critical orbits with normalized eigenvector

Wy ;(t) corresponding to the smallest eigenvalue E’f,j (t) of ﬁf(t) which satisfies

lim; o0 E“T(t) = 0. (Such eigenvector exists for the critical orbit O; iff index O; < k
and 0~ trivial in Cases 1 and 1’; in Case 2 in addition indez O; = k(mod 2).)

Lemma 3.1.
(i) If O; = =; is a critical fized point with index x; < k, index x; = k(mod 2),
then

tlggo E’fﬁj(t) =0.
(ii) If O; 2 S1, index O; = k, 0 trivial, then
tliglo Elfﬁj (t)=0.
(iii) If O; = S, index O; < k,0; trivial, then
tgxgoéf)j(t) =b; >0
for some b; > 0.
Proof. (i) Recall that
Ay =UM WKk + B2eX? + Bikd + di + ixd" + d*ix) U™ (t/?)
where 3 = % Let
T(8) = K ¥+ 82eX? + B(ikd + diy +ixd* + d*ix).

Then & ;(t)/t is the smallest eigenvalue of T'(3) with corresponding eigenvector

I3 ,(6).
Let

ey, 00 i
{ %( ) = Zi:l aiﬁ )
P]f,j (5) = Zio i
Claim. a1 = 0.

Proof. Let B = i%d+ di%, +ixd" +d"ix.
Then

r(o)r () = 24
= K40+ (K561 + Boo)s+ - = (aro) + -
i
K¥¢1+ Bgo = a1¢o
= <¢0aE§C¢1> + (¢o, Bdo) = a1(o, do).
But [T} ;(3)|| = 1, this implies that (¢, ¢1) = 0. But also

K (o)1) C (o)™

F]f,j (t)

we have (d)o,E;’?qﬁQ =0.
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Therefore,

(¢0, Béo)
a1 = —- = 7_B .
' (o, o) (¢o, Bo)
Since ¢ € QF(R™), then Bgy € QF~2(R™) @ QF*+2(R™). This implies (¢o, Boo) = 0.
Therefore a; = 0 and this finishes the proof of the Claim.
Now the above Claim implies that

gt =ty ap==2+2+ =0
(ii) Recall that
Ak(t) = PR(t) +ixiy +iyix

where P(t) = d(t)d(t)* + d(t)*d(t). By using the canonical coordinates (z1,...,

. —k . . L
Tp-1,0), the eigenvector W, ;(t) corresponding to the smallest eigenvalue is given
by

—k 2t n—1/4 - 2
\Ill7j(t) — ? e~ (i +4z5 _4) drzi A - NdZindes 0;-

.=k . o e =

Since W, ;(t) is a k-form, (ixi% +i%ix)(¥] ;(t)) = 0 and we have A% (£)(¥F (1)) =
0. Hence e} ;(t) = 0.

(iii) In this case, we have the same formula for the eigenvector W ;(t). Since
index O; < k,

AR (1) = (ixik +i%ix) (W ;(0) = |X[PUE () = b; 01 5 (¢)
where b; = |X|? > 0. Hence e} ;(t) = b; > 0.
Proposition 3.2. There exists a constant M s.t. for t large enough, we have
E(t) <M

where 1 <1 < dimﬁ’é(M, t).
Proof. Let us refine the proof of (2.1) in Theorem 1 for the eigenvalues s.t.

fim 28 _

t—o00 t

where 1 <[ < dimﬁlg(M, t). By Proposition 2.5, we have
(@i(t), A* ()P (1)) = & (t)S1m + 0(2).
It is clear from Lemma 3.1 that there exists a constant M s.t.
(3.2) et) <M
for1 <1< dimﬁlg(M, t). The min-max principle together with (3.2) imply
@El(t) < E@a(t) <M
for 1 <1< dimQk(M,1t).

Lemma 3.3.
(i) timy oo By(t) =0 if L <1< My =mp+mf +mf_,+--.
(ii) Mmoo Eng41(t) > 0.
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Proof. (i) Recall that we have

lim Ej(t) < th_m g (t).

t—o0

By Lemma 3.1, for 1 <1 < M} we have,

tli,lgo € (t) =0.

Hence, (i) follows.

(ii) This is proved by refining the argument in the proof of (2.2) in Theorem
1 for the eigenvalue Ejy, +1(t). Observe that using similar argument in the proof
of Lemma 2.3, one can show that lim; .. E1 ;(t) = 0 if (a) O; = z; is a critical
fixed point of f s.t. inderz; = k(mod?2) and indezr; < k or (b) O; = S! is a
critical orbit of index k s.t. 6~ is trivial. Also one can show that lim; . F1 ;(t) =
lim; o1 ;(t) =b; > 0if O; = S1is a critical orbit of f whose index differs from
k and 0~ is trivial.

Let 0 < e < min; b;. By the IMS Localization Formula, we have

AF(t) = JoAF () Jo + Z JiAR ()T, +0(1)
j=0

> e+ JiAk)J].
j=1
For any critical orbit O; s.t. lim¢_.o F1 ;(t) = 0, define R;(t) : Qk
QF (M) to be

mv

(M) —

R;(t) = (Ev;(t) — €)Py, ;1)

where ¥4 ;(t) is the eigenvector corresponding to the smallest eigenvalue Ei ;(t)
of A;’? (t) and Py, (1) is the orthogonal projection onto the eigenspace spanned by

Uy ;(1).
For any other critical orbit s.t. lim;_. E1 ;(t) # 0, define

R;(t) = 0.
Then we have
AR(t) > Rj(t) +e.
Therefore
AF(t) > ed? + ZT: JiR;(t)J; + ezr: J?.
j=1 Jj=1
Define

T

R(t) = JiR;(t)J;.

Then Ak(t) > e 4+ R(t) and RankR(t) < M.
Hence,

li_m EM;C—i-l(t) >e>0.

t—o0
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From the previous lemmas, it is clear that the eigenvalues of A¥(t) in ﬁ?an (M,1)

are divided into two classes. Namely, those which are bounded from below by a
positive constant, and those which tend to zero as t — oc.

Definitions. 1. E(t) is a small cigenvalue of A¥(t) if limy_c E(t) = 0.
2.

(M)A ()% (1) = E(t)¥(t)

and E(t) is a small eigenvalue}.

Qf (M, t) = Span{¥(t) € QOF

muv,sm muv

Corollary 3.4.

dimQE,, o (M) =mg +mi +mi_, 4.

inv,sm

Lemma 3.5. Let M, = dim§k (M,t), then

inv,sm

~ i ~ i >0 if k is even,
Z(_l) My~ Z(_l) b {< 0 ifk is odd.

Proof. This proof follows from the finite dimensional analogue of Hodge decompo-
sition theorem.

Proof of the S*-equivariant Morse Inequality.

Lemma 3.6.
(i) If O; = S, then

1 if 07 is trivial,
0 otherwise.

Ps1(0j,t) = {

(ii) If O; 2 z; and StabO; = S, then
Psi(0j,t) = 1+t2 +t* + - .

Proof. We prove the lemma for O; = S* and 6~ non-trivial. The other cases can
be proved similarly.

Let O; = S', Stab O = Zy,. Then H%,(0;,07) can be calculated from the
cochain complex

0— Q9

mv

(S',0(E)) T, QY

muv

(S',0(E)) %, 0l

mv

(St 0(E)) — -
But

i fuu (S, 0(E)) =0,
QST o(E)) = QL (SY, 0(E)) = 0.

mnuv

{ﬁ%ﬁml, o(E)) = QY

Hence, H;l (Oj, 9_) >~ (0 and Pg: (Oj, 0, t) =0.

By using Lemma 3.5 and the calculations of Pg:(0;,67,t) in Lemma 3.6, the
Morse inequality follows immediately.
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4. HELFFER-SJOSTRAND THEORY FOR S!-EQUIVARIANT COHOMOLOGY

Recall that from the previous sections, we have the complex of finite dimensional
vector spaces

(o, am (M, £), D(1))

inv,sm

which calculates the S'-equivariant cohomology of M. Here D(t) = e~/ (d+ix)e'S.

We want to show that (ﬁfmﬂsm(M ,1), D(t)) converges to a geometric complex
(C*(M, f),6) as t — oo, where this geometric complex also calculates the S1-
equivariant cohomology of M. Our strategy is as follows: In §4.1, we construct
a geometric chain complex (C.(M, f),0) (and its dual (C*(M, f),d)) from a fil-
tration in the homotopy quotient Mg: induced by f. In §4.2 we then interpret
(Qfmysm (M,t),D(t)) as a cochain complex of differential forms in Mg:. In §4.3,

we deduce the Helffer-Sjostrand theory by integration of differential forms in Mg .
We begin with some preliminaries in §4.0.

4.0. Preliminaries. Suppose f is an S'-invariant function in M™, g an S'-invar-
iant metric on M.

Definition. (f,g) is said to satisfy the Morse-Smale condition if for any two critical
orbits O, and O,

W, dw,f
where W, Wy‘Ir are the descending and ascending manifold of O, and O, respec-

tively.

Definition. An S'-invariant Morse function is said to be self-indexing if for any
critical orbit O, f(x) = index O,.

Proposition 4.0.1. Suppose f is an S'-invariant Morse function s.t. (f,g) satis-
fies the Morse-Smale condition, let C = {W, |0 is a critical orbit of f}, then (M,C)
is a Whitney pre-stratification of M.

By a theorem of M. Ferrarotti [F], we have
Corollary 4.0.2. Suppose (f,g) satisfies the Morse-Smale condition, then

/ dw = / w.
Wy oWy

4.1. Construction of (C.(M, f),d).
For simplicity, let f be a self-indexing S Linvariant Morse function in M.
Define f: Ex M — R by

fle,z) = f(x)
where F is the universal principal bundle of S'. Recall that S acts on E x M by
diagonal action, the homotopy quotient of M is defined as the quotient space
Mg =Exg M =Ex M/S".
Since f is Sl-invariant, f descends to a function on Mg: which is denoted by fg1.
Proposition 4.1.1. (i) If f is non-degenerate on M, then fs1 is non-degenerate
on Mg:.

(i1) If O is a non-degenerate critical orbit of f in M, then fs1 has corresponding
non-degenerate critical manifold E x g1 O = Og1 and index O = index Og: .
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Consequently, let OF, ..., O,’%k be the critical orbits of f of index k, then
(OF)s1,...,(OF, )s1 are the critical manifolds of fs1 of index k.
Let Xj, = foi'((—00,k+ 3]), then Xo C X; C -+ C X1 C X, = M.

Define 8 : H*(Xk,Xk_l) — *_1(Xk_1,Xk_2) by

i1
Hy (X, Xp—1) —— Hio1 (Xp—1) —— Hoeo1t (Xp—1, Xi—2)

[o] [00] i4[00]
where i, is induced from the inclusion X o C X1
H.(Xp—2) = Ho(Xjo1) 25 Ho(Xpm1, Xpm2) — Hoo1(Xp—2).

Since the above sequence is exact, it is easy to see that 92 = 0.
Define

Cr(M, f) = @D He(Xi, Xi-1).
i=0

Then the above map 9 induces the boundary homomorphism

0:Cr(M, ) — Cr_a(M, f)
with 92 = 0 and therefore (C, (M, f),d) is a chain complex.
Proposition 4.1.2. The chain complex (Ci(M, f),d) calculates the S*-equivariant
homology of M.
Proof. Associated to the filtration

XoCcXjC---CXp=Mgs
is the filtration on the singular chain complex

A(Xp) C A(X1) C--- C A(Xyp).
Therefore, there is a convergent E'! spectral sequence with
Ef,=Ho (X, Xoo1)

and d' corresponds to the boundary operator of the triple (X, Xs_ 1, Xs_2) (cf.

[Sp], §9.1). The limit term of the spectral sequence calculates the S!-equivariant
homology of M. But we have

d":Eg, — B¢ 4,1 withd" =0 forr > 2.

This can be explained as follows (cf. [ABK], pp. 2-3, [Sp], §9.1). Let ¢, be the set
of critical orbits of f of index s, Cs = (¢s)s1 C Mgr. Let the set of all points lying
on the gradient lines that originate from C; be denoted by W, , which is a bundle
over Cj:

R® --» B, = C.

Let M(Cs, Cs—,) be the set of points lying on the gradient lines that originate from
Cs and end at Cs_, in Mg, denote M(Cs,Cs_,) = M(Cs,Cs—,)/R. Using the
gradient flow, define the initial and end point maps:

i: M(Cs,Cs—y) — Cs,
e: M(Cy,Cy—y) — Cy_y.
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Let x be a critical fixed point of f of index s, zg1 = x X g1 E = CP*°. The points

that lie on the gradient lines which originate from zg: form a bundle W;S , over

g1t
W, - W, | =5 g = CP>.
Let 0 = 7, (CP?) € Hy (X, Xs_1), then
dT(U) = ﬂ—s_—lre*i_lﬂ—w(o') € Eg—r,s+r—l'

Observe that if r > 2, then e,i~'m,(0) € Hyr—1(|JCP?) = 0, where the union is
the disjoint union of a number of copies of CP!. The number equals the number of
critical fixed points of f of index s —r. Hence d” = 0 for r > 2 and (C(M, f),0) =
(E',d') calculates the S!-equivariant homology of M.

Note that
H.(Xg, Xp1)= @ HADN(0) xg1 E,SN™(0) xs1 E)
index O=k
=~ (P HF(DN(0),SN7(0))
index O=k

where N~ (O) is the negative normal bundle of the critical orbit O.
Recall that (i) if the orientation line bundle of N~ (O) is non-trivial, then

HS5' (DN~ (0), SN~ (0)) 0.
(ii) If O = S! with orientation line bundle trivial, then

R if x = index O,
0 otherwise.

H5'(DN~(0), SN~(0)) = {
(iii) If O = point, then

Hfl(DN_(O),SN_(O))E{R if x = index O + 2k, k=0,1,2,...,

0 otherwise.

Hence we have
Proposition 4.1.3.
dimCy (M, ) = mg +mi +ml_,+mi_, +--
= dimQF (M,t) < 0.

inv,sm

*

4.2. Interpretation of ﬁim}’sm(M, t) as a complex of differential forms on

Mg:. Recall that HE, (M) = H*(Qf,,(M),d + ix). First define (Q%,, (M)[u], dx)
by

Qfpp (M)[u] = S pitlpi € 95, (M) ¢
deg p;+2i=k
dxp = dp +ix(p)u,
qu =0.
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Therefore,
SN D DT D D
deg p;+2i=k deg pi+2i=k
= ) (i +ix(p)u)u’s
deg pi+2i=k
Clearly

(o lul, dx) = (R, (M), d + ix).

Our aim in this section is to introduce a complex (225 (M ), D) of differential forms
on Mg and an isomorphism of cochain complexes

At (i, lul, dx) — (Qy(M), D).

Using the above isomorphism, we can regard €, (M)[u] (hence Q*(M)) as differ-
ential forms on Mg .

Let g = R be the Lie algebra of G = S', ¢* be the dual of g.

Let Sg* be the symmetric algebra generated by ¢g* whose generator is denoted
by u, Ag* be the exterior algebra generated by g* whose generator is denoted by 6
with degu = 2,degf = 1.

Define W(g) = Ag*®Sg*, called the Weil algebra, which is the algebra generated
freely by 6 and u as a commutative graded algebra i.e.

wpwg = (=1)Mwqwp.

Define Dy : W(g) — W(g) by

{D09 +u=0
Dou =0
and is extended to W (g) as an anti-derivation. Observe that D3 = 0 and
H*(W(g), Do) = R.
Consider
(W(g) @ Q*(M),D = Dy @ id + (—1)4%*id @ d)
and define the basic subcomplex of W(g) ® Q*(M)
QM) = {w e W(g) @ 0" (M)|ix(w) = La(w) = 0}.

For w € W(g) ® Q*(M), let w = >, uFay + Y, uk0b, where ay, by, € Q*(M).
Then

ix(w) = 2 utix(ax) + 3, uF(bx — ix (by)) = 0
Lx(0) = Y u*Lx (ax) + X, u*Lx (br) = 0

by = —ix(ax)
< {Lx(ak) =0.

Therefore we have

(M) = {w =" uF(ar + i) € W(g) ® Q" (M)|Lx (ax) = 0, = —ix(ak)} .
k
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Define A : (0, [u],dx) — (€ (M), D) such that

{A(w) = —tix(p)
Au) =wu
and extend as a ring homomorphism. Observe that it is also a ring isomorphism.
Proposition 4.2.1.

A (2 [u], dx) — (Q4(M), D)
is an isomorphism between the two cochain complexes.

Proof. Tt suffices to show that Adx (3", uFax) = DAY, uFay).
)\dX (Z ukak> =\ <Z uk(dak + ’U/Lx(ak))>
% 2
= <Z uk(dak + ix(ak_l))>
k

= Zuk[(dak + ix(ak_l)) — Gix(d&k + ix(ak_l))]
k

—Zu (day, +ix(ag—1) Zu Oix (day).
k

Also

A <Z ukak> =D <Z uF(ap — 9ix(ak))>
: %

=D <Z ukak> —-D (Z ukﬁix(ak)>
—Zu dak—|—2uk+l (ak +Zuk9dix(ak)

—Zu (dag + ix(ag—1) ZukGZx (dag).
k

Since ay, € Qf,, (M), we have Lx (ar) = (dix +ixd)(ax) = 0. Hence, Adx = DA.

muv (

mv
of differential forms on Mgq1. For this purpose assume that one can describe Mg:1 as

an infinite dimensional Hilbert manifold, which is the base of the principal fibration
S x M — S x M/S*.

Here S is the unit sphere in the separable Hilbert space I3(C). S* = {¢!® € C|a €
R} acts freely on S by

It is possible to interpret (25 (M), D) (hence (Qr,,(M),d+ix)) as a subcomplex

w(e™, (z1,22,...)) = (21, € 2,...)
and consider the diagonal action on S*° x M.
Identify the element § € W1(g), respectively u € W?2(g), with the restriction of
the form ), z; dz;, respectively > . dz; A dZ; to S°°. Then one can regard W(g) ®
0*(M) as a subcomplex of differential forms on S x M. Via this interpretation,

Qg (M) consists of invariant forms on S x M which are pullback of smooth forms
on S x M/S! = Mg:.
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Proposition 4.2.2. The following diagram is commutative

Qr [u] =2 Q3 (M)

mv

letf l(@tf)sl

O, [u] —2— Q5 (M)

mnuv

where (etf) g1 is defined as follows: let ef - W(g) @ Q* (M) — W(g) @ Q* (M)

et (Z uk(ak + Gbk)> = Z uk(etfak + Getfbk).
2 k

Then

(etf)sl = etf

Q;(M) : Q;(M) e Q;(M)

Proof.

Aetf (Z ukak> = XeH)A (Z ukak>
k k
=etf ) (Z ukak>
k
= (g1 A <Z ukak> .
k

Remark. The map (e'f)g1 is reminiscent of the multiplication of forms by the func-
tion (e*)g1 on Mg induced by e'f.

Corollary 4.2.3. For any t,
A(t) = (o[l dx (1) = e Hdxe) — (2 (M), D(t) = (7)) s1D(e) 1)

inv g
is an tsomorphism between the two cochain complexes.

Corollary 4.2.4. Since (QF,,,,;(M,t), D(t)) C (. [u], et dxetf), A(t) induces
a corresponding small complex (S ..., (M,t),D(t)) whose homology is the St-
equivariant cohomology of M .

Next, let us describe the elements in € (M, t). Since M --» Mg 2 Bor =
CP®, let H*(CP*°) = R[u], then
(4.1) A(u) = p*(u).
By abuse of notation, we write A(u) = u.

Recall that A(¢) = ¢ — Oix(p), p € QF (M).

Let x € M, vq,...,v5 € T, M, ;(t) be smooth curves in M such that

/VZ(O) =,
’71(0) = V;, 1 S ) S k.
Let [(e,z)] € Exg1 M, then [(e,7;(t))] 1 < i < k, are smooth curves in Mg: passing

through [(e, z)] with tangent vectors V; at ¢t = 0.
Let m: E x M — E xg1 M, then ()¢, (0,v;) = V;. One can check that

(4.2) M)V, oo Vi) = p(v1, .., 0k).
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small
critical orbit O of index 1. Then we have

{Ilw(t)ll =
lps()] 20 if i #1.
But A(Y, ulp;(t) = >, u'A(ps(t)). (4.1), (4.2) show that A(3", u’p;(t)) is a ‘small’

eigenvector of differential form on Mg: which is localized at F xg1 O = Og: as
t — 00.

Now, let 3 goe ot 2i—k uipi(t) € QF (M, t) be a small eigenvector localized at a

4.3. Helffer-Sjostrand theory. In the previous sections, we have described the
complexes (2* (M,1),D(¢t)) and (C*(M, f), ) (which is the dual cochain com-

g,small

plex of (C.(M. f),)).
Recall that

Cr(M, ) = @D Hi(Xi, Xi1)
i=0
= @ H(DN(0)xs1 E,SN™(0) xs1 E)
O€eCrit(f)

where Crit(f) is the set of critical orbits of f.
Consider Hy (DN~ (0) xg1 E,SN~(0) xg1 E).
Case 1: O =2 S', stabO = 1,index O = .

In this case, N7 (O) is a trivial bundle over O.

Hk(DN_(O) Xg1 EaSN_(O) X5t E) = Hk—indez O(O X g1 E)
= Hk—indew O(pmnt)
Let y € O xg1 E, D' ~—» DN~(0) xg1 E =% O x g E, then [r, '(y)] generates
Hind@zo(DN_(O) Xg1 B, SN_(O) X g1 E)
Case 1’: O = S stabO = Z,, for some m > 1 with N~(O) orientable (other-
wise, H,(DN~(0) x 1 E,SN—(0) xg1 E) = 0).
In this case, H, (DN~ (0O) xg1 E,SN~(0) xg1 E) is similarly described as in
Case 1.
Case 2: O = point, stabO = S*, N~ (O) orientable (otherwise H,(DN ~(0) x g1
E,SN~(0) xq1 E) =0).
Hiy(DN™(0) xg1 E,SN™(0) xg1 E) > Hi—indez 0(0O X g1 E)
= Hi_index O((CPOO)
But H.(CP>®) = @;2, Hs (CP>®) = @;2,R[CP].
Let D! -~ N7(0) xs1 E ™% O xg E. Then [r;'(CP?)] generates
Hi(DN—(0) xg1 E,SN~(O) xg1 E) where 2i + index O = k.
Proposition 4.3.1. Suppose (f,g) satisfies the Morse-Smale condition, then

Int : (Q(M),D) — (C*(M, f),9)

w—»/w
o

is a morphism of cochain complexes.
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Proof. Recall that W denotes the descending manifold associated with the critical
orbit O, of x € M. Then we have

W, - W, xg1 E "% 0, xg1 E.
Also we can use

[7-1(CP")] if O, = point
[ﬁ_l(y)] if Omgsl andyGOz Xle

to represent the relative homology classes in H, (X, Xx—1). The proposition follows
from Corollary 4.0.2.

As a consequence, the composition

(2 st (M., D(8) 255 ()52 o (M.8), D) L2 (0 (0, £),8)

g,small g,small

is also a morphism of cochain complexes.
Next we define Tor (t).

Case 1: Of = Sl,stabOf >~ 1, index Of =k.
Let U; = D"~! x S' be an open neighbourhood of OF s.t. (x1,...,2,_1,0)(€
D"~1 x S1) is a compatible coordinate system about O;’?.

Define
2\ e
Wop )= B0plla) (%) et A
m
where |z| = (/23 + -+ 22_,p € C§°(R), such that
1 if |z < 5,
Pe) {O if |[z| > ¢

for some € > 0 small enough and 3(¢) is chosen so that | U, (t)|| = 1.
J
Case 1’: O;’? i Sl,stabOétC > Z,, for some m > 1.
Let U; be an open neighbourhood of O s.t.
U; = D" ! xz, S' (an orientable bundle over Of)
Let p: D" ! x S' — D" ! xg1 S! be the canonical projection. Since Z,, acts
by isometry, the standard metric on D"~! x S' in Case 1 induces a metric on
D1 x g1 ST via p. Let ﬁfz(t) denote the ‘localized’ operator in Case 4, i = 1,1’.
Then
pA?,l(t) = A?,l/(t)p-

Hence, if ¥(t) is the small eigenvector of A ?71, (t), then p*(¥) is the small eigenvector

of Z?)l(t), which is (%)"‘1/464(%?4"“4'%%*1) dzy A -+ A dxy,.
Hence, define
2t

n—1/4
Wop0) = B0plla) (%) D oy A

as in Case 1.
Case 2: O;-j = xéj a critical fixed point of index l; where I; < k and I; =
k(mod 2).
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Let U; & D™ be an open neighbourhood of :z:é»j sit. (x1,...,2n)(€ D) is a

compatible coordinate system about a:é»j .
Recall that in Case 2, the ‘localized’ operator

Ak(t) = AP + 4227 + tA +ixi +ikix + (dik +i%d) + (d¥ix +ixd").

Let ﬁlf)j (t) be the normalized ground state of A ?(t)
Define

W (1) = B (1)p(|2) Y (1)
where |z| = /22 + -+ + 22 and $1(t) is chosen s.t. 1@ (B)]] = 1.
Let Cr(M, f) be generated by
{0&_|Ca5e land I': O} = §' 1=k,
Case 2: O% = 2,1 = k(mod2),1 < k}.
Let {ef, } be the dual basis of {0, }.
Deﬁnje Ji(t) : CH(M, f) — Qk(]\/J[) s.t.
Jk(t)(eé;_) = Vo (t).
Define
Qr(t) : (M) — Q0 (M, 1)

to be the orthogonal projection onto Q% (M, t).
Let

Hy(t) = (Qr(t) Jk (1)) (Qk(t) Jk(1)),

Te(t) = Qu(t) Ju (6 Hy (1),

Then Ji(t) : CF(M, f) — QF

K e (M, t) is an isometry.
Define

Ef () = Je(t)(efy)-

Proposition 4.3.2. There exists neighbourhood Uy of O;’? contained in the chart
J
of compatibility s.t.
(i) Of = 5!

2t

n—1/4
) e—t(m§+---+zi_1)(dx1 A ANdrg +O0@(t™h) on UO;?.
T

By = (

(ii) O = 2} (I = k(mod 2),l < k)

n/4
2t
EN (1) = (-) e_t(z?+"'+mi)(dx1 Ao Adrp+O@(1)) on Uy
J ™
Proposition 4.3.3.
(i) OF = §!

Inty, (etf)sl (/\Eé;c (1)

Il
7N
|[\>
&
~__
N
®
o
ol
—
™
Q=
E
+
)
~
7
_
S~—
S~—
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(ii) Oé- = xé (I = k(mod 2),l < k)

2\ ¢
Intk (et'f)sl (AEéé (t)) = (—> etl eI;é + Z le Ol/ + O(t_l)

& U<k

where [(3;;(t) is defined s.t.

n—21

7T
o

Proof We prove (ii), (i) can be proved similarly. To show (ii), it suffices to integrate

on o% . With the identification of Q*(M) = QF,, [u], we have

muv
Tj

n/4
2t _
/ (@ (AB (1)) ~ / (e)sA [(J et @A) gy A A dau' T
o U:nl

2L
“j

2

2 n/4 .
(—) / (et g1 \(e —t(@l+ta] w) dry A - < ANdxy)u'
T
2 n/4 .
= (—) / tf e~ t@i++ay) dzy A -+ ANdxp)u’
m o 1(<CP1
n/4
2t )
= (—) / )\(e“e_%(””%"’”""w%) dxy A« A da)u’
& w5 ' (CPY)
— (%) e“/ U / —2t(fﬂ%+"'+$z2) dzy A+ A dl‘l)
™ CPi T (’lj)ﬂjE(CP‘
2 n/4
~ (—) e”/ uz/ e 2t@I D) g AL A dx;
m CPi DINU;
2t
T

where in the above computation, we let i = %

Note that if I’ = indez O! < index O} =1, then
(4.3) 185:(t)] < el =0=<l

for some g9 > 0. This is due to the decrease of the function f by e! =D and the
decay of the EX, (t). If I’ > I, then

(44) 18i(t)] < e

for any € > 0. This is due to the exponential decay of E¥ (t) (cf. [HS], p. 265,
J
[HS1], p. 138).
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If one calculates the matrix M*(t) of the linear map f*(t) = int;(e*f) g1 in terms
of the following ordered bases:

{Egk(t)aEfk (t)aaEfk (t)kak*2 (t)vaEkk*2 (t)v}
J J1 Js1

zjsl+1 mjsl+52
and
k k k k k
{eok,ewk,...,ewk ,611?72 ,...,em;?,z ,}
J J1 Js1 Jsp+1 Js1+s2

then using (4.3) and (4.4), it is seen that M¥(t) is invertible.
Hence, define

(1)) = (MF())IAEE, (1) if OF = S,
(1)) = (MF() T AEE (1) it OF = ol

Finally, we have proved

Theorem 2. Suppose f is a self-indexing invariant Morse function such that (f, g)
satisfies the Morse-Smale condition. Then

F*(t) = Int(e )1 - (U (M,t),D(t)) — (C*(M, [),9)

g,small

is a morphism of cochain complexes such that
F*t)=I1+0(t1).
w.r.t. the bases {)\(Egk ), /\(E;’Q ()} and {ek,,e* }.
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